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Buzzwords

analytic ~ synthetic
proposttion ~ judgment

Boo\ ~ Piop

axiom ~ law

spec'\?ica't'\ovx ~ 1mplementation
intension ~ extension

fype ~ set

stat\c ~ dynamic

Comwmand ~ propoOsition

sgv\tax ~ sewmankics

(1) ProoF ~ formal p\'oo\:
B ~n
nferna| ~ external  (internalization)

wrroduction ~ elimnation



|ntcoduction

* Foundations

- Formalization

» Trinitactanism

- Type theoty (TT)
(ategory theory ((CT)

» Order fheory

¢ P‘(‘OO\: {hgof& (PT)

TT
Proasamming
'.--.-.' > '-.‘...‘
C T.'.._.'.' ....-
Otdet NEONY, oo
Algebra :
Icspaces\) LDS\C'
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What is Set H\eorg?

A Naming \nconSISTeNCY: « Set theoty » & «Group theory »

How do we read (\dx\(i\g\[ ) e eadws

we @l these things «Setss
Y S

— Y
for every wember of the universe x, fthere exists @ wmember of the universe ¥, such Ythat ..

§0t every wmember ol the group X

~NT

, there exists & wmember of the group Y, suck thak ...

we don't have a rawe for Hhese
A 0 - S a juégmen\:

o € A s a proposition



Intension Ns extension

W=V means. wu means the same thing as v | .
Qm‘enS\ona\)

P & QR wmeans: P , Q. mean the same H‘Mﬁ same sense

N
Freqe

/

same refecence

w =\ Mmeans T W\ denote €qual objecks :
’ 1 J (extensional)

P& QO wmeans - P, Q are \OQ\CQ\\& Qo\\i\\\a\ew’c

aka . P & &)
P s sulicient and necessary for Q) .
*\\
N C oY= (0,037 {61 =11,037

(M ARAY = :
"R E P

Nenus

|

* Does QA=b imply o=b’
7

) Why did 1 spell owtr xiwegly» instead of «=>» 7



def
dof
S

RUS <= We are definng  LHS 1o wmean RhS
S
1 ey ate Props, use (&)

Examples:

albh & (A oak=b] 7
NS

alb & (AwW)(ak=1b]
NS

alb & (@AW)(ak=1b]



(

Some invasible mathematics

é— “Function application”
. x . x —_— N —— /
| ' ;. X Set ‘&

Set(x) { Buvos, L) | £ TYPE-ERROL

TYPE- €O

4 R N

C
REZSBSREE

3&\5?2 coescion

Zy Re
(

e natul  integers the rational realg

\E ’cgpe_d\



\mpleme\\’cat'uoh - asv\os’c'\c,

cos € (2 " 2= i, 2l

92 € (D, 1) 7
9. € (2.1) 2
2 € UL, 2)7

Claim -, You may  say that Yyou use  set ’(\\eov_\ﬁ
but Yyou Think 1w ’c'\s\)e-’r\r\eove‘t'\c terms !



Some

'tgp'\ns statements

4l . Int
Soticis Pers on e e o | B2 N
mother of Bowvos - Person e 16 e
mother of _ . Perssn —= Terson B o
’t\wole (to be Hlled by something 0f the appropriate ype )

Manolis was born in Greece - Prop
Manolls was boen in . Coxmtry —> P’(‘O\D

was born in Greece . Person —> Prop

was born In ’ (Pe(son X COUJ\{’(‘Y)\ — PTOF

Person — LC,OUM'\‘B - PW)F}
(,o\mﬂ*\_)) —> (_ Petson — Pm?>



C\M‘\'g'\“g

whateyer this means
~

o = (B—>1Y)

() (x~B) >y
N

clawm - Wou have Wwnown this  Since e%vys school !



S ome wmpre tgp'm_g

3+ % 0 Nap = Na
/CU((‘\QC&
2+5 (Nat » Nat) — Nac ed
/u\r\cm'ne,

l/d\\)'\AQS . Natx —> (Nét —> \\\ﬂtw
\
<

3 G . Q(NakxMek\ —> Né’c\ —= Nt

—_— _J

—

ﬁ'\v\b? Nat
Operator | Predicate
Op = (o( x K) — &

Pred « =

lec02
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Props . \AS\‘\S & proving prove
How to use How to attack

wedae

Con A Ext-L Split.

\ & Ext-R
dis) A
\MP ?’* horseshoe S wepose
s —
Fo\'A\\ Y
ex\sts 3

q

\|




Comparing three theorems
}-(\d&,b.c\("k

©. for aWl a,b It f o\b & blc then alc

\_/ s Yol = alcC
actually 3 lwes

©. Let o,b c : \nt, © (md
- (m

f olb % blc thew oalc. @ Pxop

alb % We |- IR

2

6. Let o,b, c : \nt. . (v
actually 2 lines

Suppose olb and b\(__J'. Cnd
o|lc . - Cwd

o mk, . ,c.\m

Cwa,

0\'.\\'\'\',



6. for aW\ a,b,cInt {f o\ b & blc then o)c.

Proot .

et W, v, w Iny

Suppose w|v & \‘\‘N(‘\.
Ext-L O

Ext -R ().

N

C

Halmos tombstone

(YOU. have Willed the monster.)

)

. fecence’ (\10"\“\
oG Goa\ /-\'yve ywiere
Wt \nk (M) (vb alb kble)» alc]
v lnt L\A\\" N} = g lw
W \nt v\ \ W & LAK\\,R\A:N}

ulv & viw

wiv & (3 wk =)
v iw = (3\‘\[\/'\":‘“3



How to wuse

How to attack

lec03

2026-03-05

) ‘N(ﬁ%e
cony A Ext-L Paa. Split.
Ext-R r.0
dis) 'V o cases b Left .
vee (P N (ase .
epavete | s by T & Right .
| App\
™ = poly 228 to T
\ P 2 ~hoerseshoe c S\"?POSQ
aka:
Falsum ib%‘éil‘ﬁé’f; L Boow!
ZS;M »ox: Conrradiction.
Appl
FQ\-a\\ \') AR ). to 2 Let o
ex\sts 3 let & o st o), WS
€q = ( Compure’ ) ?



Ot\\ef \03'\&\ notions
= S o > P

& & (P> % (P « Q)

| & P =\



PfE\tiou.S\j ‘e

et W, v, W oo \nt Glvens &i\

Suppose wiv K ulw o Wwilnt wlw <€? @A) w-k = “ﬂ)
fxt-L (") .(ﬂ Vo v

Ext-R . W et

ulv & viw

wiv (& @ uk=1)
VlW(% (3\4\[\/-\/«:\:\)})



An lllu\sm\r\ of usw\g 4 while daw\s no{-\nwls

%\\ed attewpt to vse 3 . ( \

S\‘(\CQ (2) 1twence [there oxdsks vt Int s -k = v - Cma

VM&DWVWW Prop
Since UQ thewce | there exists \hj\v\‘\ sk W 5
\Po'mk\ess % bad /

fedvm'ucally wrong word
f—_g

{ Check . Scope . free % bound variables.

fnese Aid not ceally Ao awytning -

« S\WMe wlv tene w\lv . >»

——

...l)\.\st written with different words



AC"“&“B QS.W\ﬁ | (2k Y[wk = v ]

P —
(S'\‘nce w\v  thence ) let o st. |wa = \;UTM
(S'W\ce NARY ‘\‘MQY\C—Q) let b st. |vb =W.(»\\>)

<< Compm—e S

Cowmpute
w= b L]
= (we)b [ (ha) ]
= f\:Z:b\ .U-\—assqﬂ o, Wz wlab)| -
Use aob s ellect on -the: stare
Lwmediate . <’chere anything here, really &

|

(’l-sn”t this "\jus«“ (\)-ass and noting wore! )



Proof - relevanice

Gi\sex\s

Cnu) W Ant

Suppose W | v v o\t
let huwv & W \v . W -

W ulv & viw

Let ww Le proo? of h|lv.
(of: an evidence for) W (é 3\&\& W-k = "] }

\‘.\‘--_Vl\u(% 3\(\\/\&:\:\)])

hZa = W& = v

/\\‘n S vb = W

No prejudice wow',

Same r'\g\r\\'s ) U



P\'ov'\v\a “laws of logic"

5. v P =>°P 5. F(Pva) = (av®)
Proot . Proot.
5\*(3\3033 P -- P¢P?P Suppose Pva. -—Pyv&x + Qv P
Exactly P. (’W W
o Valid wove, " bad meve. Mwdo'
By cases en PuG. -- two things to preve now!
Casg-L - -- P+ Qv?P
Righk. -- P+ ©
Exackly ©.
Cpse-R @ —=- & - v P
left. - - @ Q&

Exact Q.



«Math as I humans matter» interpretation

or. wmathematics s 3 social activity.

P\ t’ﬂkﬁ neans « 1 \have a p\-oog of A»

LEM:

FO( each pvopos'\’('\ow\ P,

PvaP true

(Now pick  your Yavorite open \:vob\e.w\)



Double negation lec04

2026-03-06
- P =P
>0
Z
Swp ©
S
‘\?‘)\Y '\? on ?
. Contradiction . X
BDoom. ‘l A diffecent way  fo Fimsh
Yous woo( ’

R means Yhat  somewhere

n Wy ojvens T have

both. A and =R s —_—

just do the obvious. G_KaCt




= e =9

Sup WP

Clavwm-. =P

Suwp P.
Clavm . 1P
Swp P

Contra . <

® X

%P=>.L



LEM

- P yvaAa?
Right .
Swp P.

(dead end)

W\aﬂ\)e we shou\d
have oowe left -

- PyvaAa®?
Left .

(even deader end )



The irrefurability of Lem <

E 22 (P vaP)

Sud = (P vapP).

Claam Py ®.

P\'\g)\r\k .
Svwe V-

\'\ ence P N

P

Contradicton.

Contcadiction.

\r\one_s’r g

F Clam: Pvav.

Lett.
Exad'\y e.

bad name (Sishonest)

every instance of LEM is icrefutable

F 22 (P vaP)

e
Claamn Pyva®.
‘?\'\5\'\{ :
Swp P
Clam: Pvae.
Lett.
Exactly ©.

Contradiction .

Contradiction.



Stable and decidable

e
A stable =3 oA e A

S
N decidable &= - A\ AA



S av'ms pvoo{s

Somem\\eve., W\ SOwme 9\'00‘? "

Since p=1 (moa u) let « st. p=uk+a. X

L)
Sim'\\e.t\y \w Sowme proof ...

' v This \s a use o c\\{\w\d«\ov\‘. (\jou are using A van)
Sevaﬁ € \n cases,
?

Cast A Lo you. have Yhig c\'\s")unc\'\o"\ .
‘ : \ yow do, - coo\ (‘fou are using something pou have.)

Case A \F you dow't, not cool. (SA\“Q problem as abowe)



We can save the Pcoo¥s bg be'mg honest ™ the statewmgnts:

Jost add the wmsswg gwen(s) as  hypotheses .

p=1 (mod L\)

Since p=1 (moa u) let « st. p=LL+i. v

B

Av A
Segar ate n cases, \/
Cast A
| : Q ..OF  prove thewm
Cast ~A: from vour  ackual g’wens>

L v



Rules of wiecence notation

Prew\'\sseS) ngredients .. (n>0)
yaa ™

AN B - In - \abel
1
(ingrediends)

L can ®duce C from these prewisses

0

the gl : infer  th \usi
problem conclnsion T lma(‘ 'S conclusion
o} constracting € () e

(Q‘(D\u\‘«\g) '
constyuckion of C
to the ‘)ro‘o\ems
ox’: derivation free
of onstruding 7y, ..., Iy,

(Prow\mgb (o) o



(=)

(2) IS an  Gquivalewce telaxion

o X { ref|
efMexwe =G
o= E b = &
¢ Transivwe Frang
a=C

° Symw\e-\—r'\c_ _ s\/‘.,,\

() S‘Ab s '\ -l_\-u:kll on Su.b {W‘Mc\r\ occ\.\rrences]



Multiply both sides by ... ow the \eft

Comput e Since  cow = cb,

o Bence ¢ (ca) = (). [(c*)]
= 4o L) Hence (c*c)a = (D, [ass o ase o
=(c'e)a [0 Hence 1o = 1b . Loy o)
= c'(co) L] Hence & =), L, J
= c' (%) (cazcb)

:(c"cw b (.-
= 1b ()

cxb U

Vikes !



“App\\/ the same Suncdion to both sides. »

vef|

?J'\i\

<
ﬂ"
Z
b
<
|

sub (1]



What does a tree accomplish? lecﬂ

2026-03-10
open leaf open leaf  open leaf
closed
‘- - et ‘- -
22 "% ubs(o] 4 “ X subsfo)

'\5 = X \5 = X

conclusion conclusion
A construction / proof of A construction / proof of

X=\ Fy=x x=3)x=x\—g=x



Fons $(x)

« The function cos(x) \s periadic. » X

[T‘i?ﬁ ERRORY  cos(x) is mot a function!

« The ‘(‘\mC’(io‘«\ CoS \S per'\oé'\c, » \/

f > F> _\‘\Gg’b X ok w\eg\({w\g‘;u\ (&(") -' %)

2L X s W scope
i"‘/ O)N
Hx\ R

= (g - \
O\ e meaningless’ (Type Ercor)
4,
<

meaningless' (Nawe Error)



Anohywsous functions

/Wy give it a nawe?

« let d’é’ X +\ . \
3 \IIS « The Scd of o,b s X+y. »

The ncd of ab is d. »

2 Why give it a name?

PYi} . .
« let f0) = xTen. VIS « The function we seek s (X P x'+1)»

The function we seek s f » ‘



Defining functions

\ \
j- A—H;F v /dfec\.y \

X + !

f a

e

Simlar ides on sets:
S
*x €A é
by,
et } ¥ %o, .. o



A, &

b

How to P(‘o“owr\(_e, «( A > X7‘+j_3>>'_

< ’Che funcEion Yoat 9’\\)en X Yetuens X" +4 »
— (silent)

( A o> xPeq)

We also write, Ax. x*+4
Com?&ve with «i *x ‘ X is h'\cez) "
(Silewt)

< the set o{ al % suh that X s nice »

Comvention :

Ax Ay Az (x+w) = Dx .()\\5.

A (P) v ()

= Ooes from “po'm\"s“ to ‘pownts”
-> 5035 xrow\ b to )

sets Sets
spaces Spaces

}




(=), (%)

—
P\’(*e‘MP’L‘. ("’) (T}jpe_ x Tgve_) —| Type
[)9 . (Tgpe__g Type) — Tyee

(B\v\ax\g constructions ow  types

f  Type Ty o
Q (=)-¢
A->06  Type
& : Type - Ty
yP b Type (x)-¢

Axp : Type



lotermal ops vs external constructions
(internal) ops of groups

s \
(G;O?,iv‘/\n"dX 4
op - Gx G — G
. G

w . 6 = G

external  bigy' ops (“"construchions” Y-

G xR, GolU Ak(s), ..



X ( product )

FDTM a) t‘\ o product construckion

e (x) 15 a binary  construchion

GA-§ e
AxB 'tgpe What  abouk 1\—6('5?.

A type B type

. >y e ? = ?
I“\'TOA'\AC\\OY\ pairing (h 5 ol hoome=b 3

: b. ®
25 (x)-1L

lob) - AxB

Construter of nhabitarks (clements) of tupe o x@.

Cowld lnave chosen a less culturally biased nofakion: paic o b
.and then et Lo S_:_:es paY 0 b . Pa'W(Q,\))



Elimination

po\ettiions
W A B W -+~ A= B
(XX’EQ (X-)—E_%:
w.k A w.r @ &

: : - WA wW-| outl W TLW fst w
altetnakiye notatiowns - W WC OukC W \“: W oand w
EQ\)\a’(iOV\S
{a by 1 =

2\
(o> ¢ = b (p)

Compuration  (feduckions)

wo= (Wl e (Y\) )

'\,L‘(\'\o\ue,\\QSs



B, n sets

oe Ux] gy o gl

2%..\ xéj\g /W?—v A

Set ot



Functions © notation ol application

how we use elewents

j— ) o(—>$ o T oL /o( k>R (functions)
()¢
foa B
bthex common notations: j—(&\) 03(’ Qf‘) .
nO\""\'

Fa o) 7

j—u<a_,5> ~ yncocced (4. axe "‘6\ then what s
N : .
R the arty of a function

(5'“ O-BUL &« Curtied L 5—2 o = $_>Kw

?



Suntactic aspects

a synrackic decision 3 mathemakiaal Pfoyer\'j

—— ——
A Do not conluse sgn’rac.tlc associatity ity assodatinty \

. . ‘{.
QNES MeanINg Propositien

. 5\5(\\-5(_*'\c QSSOC\A’(\\)'\'\j (\'GSO\\)Q,S ths: o9 b

* Syntactic precedence Cesolves this @ a @ b % ¢

- Delawt op (juxtaposition)  resolves this ab

sSet L-(sgn\'AC’?'\C) asoc'\at'\\f\t\_g for o . f a b = ((&' 03 Q C

set R - (53\‘\\'AC‘\"\C.) assocatwity for >. oL > $ -y - S = o~ L$"’ L‘é"’s))

set  precedence of x higner ¥nan > ol x B — = € = (2xB)>(x=3)



Hello Nat
Det (Naﬂ e

O & a Nat

Common  uman  way

m:-_‘cg\\\as
* f on e a Naboden S g A Ny

Yilkes! looks like a Prop

Some elements of Nat:

o so  s6o), sEo), N



T\\cee heat ways to say this

Listing  (istroduction) Cules L'\sk'w\g constructors

s ‘(3\33 Nag
QO - Nat . Nat
S ¢+ Nat — Nat
N - Nat
Swec
S n : Nat

\_'\5’('\“3 forms
(\o\\a’c s the fotmakdon N\e,?.)

o~
-

Iz

e Nat
it \s common te break
lines and wxite i )ike tws:

F

tﬂPQ Nay = ®)

0O | S Nat

Debine Boo\ Using

| S Nat all three Meat ways'



F\u\ct\ons
5:0(9% o KR (_))—E
fa =R

)

|

X wmay oCww here

'/ (sometimes - we. write b(x) for the same th’mg)

At SRS

E dx. b 2a—g

g 7

n



Anre y

C i o
UrTying (x =) = %) = (a—(p =)
‘k&fy({\*e
Cusxy {- %F /'\QZR: Ab '-%; £ (0.,\>> detine
| | e
....... §iaxpag {abr: oxb
bep ECEaa
Q. ™
: ;&'- o(xP—s*ﬁ
Curvy = )\f oo Ao f (o, b) UD( ﬁ—"ﬁ\—"(“—’%—’b\)
Cury T Ao.. N\b. § (o, b) C(xB o) > (o= > 1)
cucry f oo = Ab. f La, b) (<P =) —~ ol—»(%—*t\

Curvy J( a b = f(a,‘o> (x> g) > o> B >3



Cons’cnxc’cov NS ’;\mc’o\on

£ makes sense to ask:

«How wwch is fack 3% Chos: &)

\t does not make sense to ask:

«How wocn (s |S (S 0)?»

(') souwds \lle: «how wut is k1l» \> ths is dlready 3 gu\\y Compuked

canomeal salwe of type wat.



What s Nge\na?. Algcbxa\c structure?
Algebraic theory?

the €0\\D\L\-\Y\S ate theocems "

Herstewn's  growp theory is an algebraic theory

Fleld theory is not algebtaic (Fields are nor algebeaic  steucdhures)

What is a growp -hemomorphism

Homoworghisws ©  respect e protagomsts of the theory
he operations o fhe strudrure

the "5vou9“ess“ ot ofoups 1 Op, VA, \nw.

Magwma Sewgroup ' U\O'\o\d‘ Grou\:’ Aoel , ...



Shoct definitions are betiece... Right?

Nt A good defintion captures and  Commumcates

the esseace of the concept  you afe definng, .

Prove and use Criteria !

Q
fheorems that let You
concdude inat something
is mice™ withour having

to \IEQ.\‘ﬂ all that thwe
definition demands.

€y. ™ group t\'\ED\-\/ Siwlac:, Lk \e A Subgfou??
G:G—>W howmo iff G respects the op < BrD)
G: G >N homo iff G respedts ine operavions (o\;, \Q, '\hQ

EC&\TE&\O\A @G> N |\ @ respects op = G howmo



About induction
¢©)  WkagW) =qls))

o,
—— T+ (dn:Na) L g ) (nnatil g )]
Induction.
Pase: ——- U b C\,(C))
\WDUCTIVE STep:. —- U F (\i\«tmax\[_(\,(\;\ = o (s\w\ )
H

PVOBAHV we Wwill proceed with:
o b, e b GLE) = G (St

<i5up‘>ose gl). —— T, t:mat - G(t) v o (St)
A

aborent,  Let t:Nat such thet G(1).




How to -underctand the \ND‘??‘ vule

A\l construckocs preserve G Nat —~Pop

—AN—_
— —
QO preserves G S presewves 6

— -~ — B
@ WikadleW = o))

(vn-nat)( §(w)) '




H e,\\b , &OO\ ‘ What 1s the mduckion tule Sor Roo\’

(§ trew s one)
How can we construct bools?
Bool-T.. Roo\-T, ot . type Bool
55 1 Reol 5 Reol § - Boo\
# : Boo\

How can we uwse boo\s? (€)

b : Bool yiod  no

Bool-E
if b Ehen Y else nn A&
b(&‘i\c\f\(\b,h;‘u) @ -\Q # then 2) ece nn = W
i‘.’(\r\ehc\se bymn \\_ IH' Fhen g dlse w  — N

Y\'ﬁ b then t else ff = b



Lists ec0f

[ ——

Examples - 2026-03-17
(3, 2,2,3, 8 )  Lisk Nat
CY - List Nat
CVy : Lisk Pexson
( U Gertzen, Browwer ) [) [ Gaers)) & List (List Pecson)
(Y : List (Liskt (nat xNat - PfOF\)
[ ) @ Lst (Nat =Nat ~» Nat)

: o . Type
: Lisk €
LSt T»Pe’ — 'Tw\;e_ Dot o Toge s
. n/ N\L \,\5t
50" .
/COﬁS ool = st 2 = st &

dlso. _::_



Tnduction on lists

(?) 8\l construckocs preserve G - List o > Prop

e — D
Nil presetves G Cors presevves 6
~— _ T~

(1) G/Q list ) ¢ () = (Vo) ¢ (aze)]))
(\J L~ list o\\ [ G (0) ]

\ND List x
5




Type arithmetic

9

(d\+@{*“6")—_o(+(@+® () x p) x§ =

= o x (Bx7D)
L 7

Dl = o 1 x & ¥ o
Arp o b A B % poxa
Distributaties (X #B)

> = 2
b (‘X‘\-@) - 8(01"‘%\ ~ 9

(2 xg) 2 7
“Nwe?) - what is Pak 2!

(0<+§5)2 ~ 7



Natural deduction (PT)

Too forms o Judaement
. A prop (wmeans A s a mead\“gl{u\ pm\aos'\’c.'\or\‘)

e N teve (means T have a ?voo’? of A 3
(.;\m\aenu\t
Entailment () rv+3J

Ntist ot JMgerents

AN & prov

F
AR prop
A toee B W
Tro
And e
AAD tae A A% Toe

A B ot



(A)

Danple. |An® tre|-|BAR tue
v~ open \eaves N
B pro ArB ArB
R prop X (e : A€ A-E
3 B A
A~® prog -
BAR
A true B te (AT (\
Ard true compare with (x):
FOTM ation product consteuction
Ar® e AnNB toue A foee © W a-f
(N-€, ('\\—F—z AxB type
A tiue B true Introduction paicing
o A b-®
() () -T
Q Here " we a\so Yave ﬁ)y\ — loby + AxB
‘he \'\e 9 Elimivation projecions
What are B, \‘Q\(.\ W AR B e T .

w.k A w.r B



Prools compute! You can tun trewm!
&/ A\
B? 0! 0)
A B \
- \/

ArB A
A




ProPos'\ tions — types

aso O
P TT
ﬁm@\’y i’ T\/?e_
AN X e
Nno  onstructols
- '_> “v\'\t S T}ﬂ? e
L Only ore Consttuctor —> ' .
0 (thercfore) . no 'm?ormat'\on* + Uit
T 1
v +
A 2,
3 Z

?



\I\'\'\O (S vmd . Iyt {'(uoid) void 5(‘\»/\& x)

return Wl (efutn

f N0 > Wk o woid g : Ink —~ void U :ng,

what the Proarammec  perceives
as arguwment (s) s W oran $ I
9e (ﬂ L X :
g('-&’l) © vod

({] .
as twnction applicator in Cyan',
__— bad noraxion

f(a.)...)uh\ N\

Y\-BTB
f. {o

> 71// good nofation
fFon, gives the fall
mpression  that f recewved nothing

£ ¢ 7 (and vet somthow & got used [caed ?17)

Aflesent notation for ous &

N-3ry  wncuccied
= makes & cear that f recewed (\(

N-ary cucnied L(
the only wnabitant of 1



(V)

A Prop B erop

(M-
A~ proQ
! N-1 (V)
Av® -1, Av R R
Avd A -G

(V)-&



)

| o
S P Type
- (N-F
X+ R Type
LR b -
- (N -T, : (+)-Tg
l o '.o(+§ r'b '.o(+%
also’, wl o also: inc b
10 mb)

What's missing here ?

(D\SCO\)U‘ it in wmultiple \M}js\-x



= 18(.06

0260320

[ match 5 with

Abtrzh

fa

~—
—
(€2
—_——
~
1%
—
"

—
—
S
——
<
<
—
i
Lo
o

this velies on (=)

HW: weite an independent (+)-£

Hivk. work your way one step ue
from the leaves yMich use (»).

[int | ine ) s

r\ s =



Funckions focr fcee A Ax B )
§ L’ l lh h{ab) = (fo,b)
S\\Jeh‘. can. we obtawn foc free..: § R x B
R B (((A*ﬁ)—*(i“*m)—9(E+(D—»(;))>
¢ (B> = 0)) = (E+ (0= ))
B ((LAx&?—»Lc—»m—»(E+(D—»m))
& (A By=(c=0)) = (E+ (D >0)))

N ! ((U\*&)-»kc—ﬂi)) — (E+ (xi—»a)))
()= c D)) = (E+ (D=6)))

O, <



Dependent tgpes / Families

Cc

D \ T_ —> TS?Q :

(

'\‘ﬂdex'\v\%
1L = PR type
D is a family of kypes
( indexed by i;'_)‘_v
D 1s a dependent type

(om L:T)

Examples;,

(c 0
veilN R type

rrA B __)Tmn
M) £ N

A(#) ENx(N-R)

R:N-—»T 0
51’Q/

b:B = Alb) tupe

Cov\;'\’ ast with

Contrast with

/t[o,\j

a R b:R + Clabl type



Dep‘c\'mg D1 = Type
How wawy ¢

v L b D("\ tj?e T-many types




b:B® +~ P(b) tm)g

P(H)
N
p
B i3 e

NN E U0 kype

w (Cﬂ U U@
{03 = [O)Q = [oAV

M@@ ®

N o 1 %

LB + Ab) type

A (b:8)




COY\&Q%\'S '\W\Plicl’c : a* A + B type

o . N - B c - C

\‘V\?\idt A type ™ .\W\p\ic_'\’r . oA biB = C tupe
o, - ‘\1 ; Aq - ﬁ.,_(&\) ; Oy 0\3(0\\-,0‘2) N

n \4!

Writmg - NN | W iR vt R m N A2
\MP\'\CW . B R tupe
ne N - R Type,
V\;N)u‘-@:\\—ﬁz\tgya
:N>u'-@:‘\,-.\\g“ - N tﬁ?ﬂ

n
n: N w: R v: R MIN\—Z\M“JCSPE’,

) ) )



5 inhabitants of TID

A
<
o
5
Q
Va}

How Yo wse:



5 inhabitants of ID

Wee\;daﬁ N B Person

I

we W3y choose wmore indicative
nawes than  lebt/right .

More on this later:
when we define e wotion of ProbucCT.

How to wse: w..1
W-_a,.r

outL w,
o ovir W,

([
-

->

(1]



m, = Formation rules

D s a dependent type

UL EOE type L L DA type
(m-F (£)-¢
~ T11) . DG type =2 (1) . DG type
also. [T D) alsor > D()
i-L 1L
also: ('\ - 1} —- D (\‘) also - ('\ y ]__) x D (\\
E, T & B,n

(Like) functions (like)  pavrs



Special cases of £ T

constant family = T=p; D) =g
2 D) = @A)*B =AxB T D) = @:A)>B =A>8
(@:A) (@:A)
binary case © L2, D(OY:=A ; D)=
2 DO =D+ DMW)=A+B| TUDR =DOY<xDH) = |A=B
-2 (2




(‘_) E “t & ‘\ w QJ\'\’. [\'\S\ of hypotheses

infesable U - 3
Are these like axioms or (prov able) ?
Properties: hypothetical judgement
use of hypotnesis
A prop \
(ron)
B tre N frue e
e Lemwma use of \emwma
T+ L true L Ywe + A twe )
(cux)
T F A tcue Vesws
™y 0% sed
‘ho* otheses s
U F A tre (o
(WerKeNNG) T - A e
r) H tvve A true You may use your \\ypoﬂ\eses (Zit:p?uae
as wmany times as you please @ F A frue T_:
ve
r ) H -\—‘\Ml \—\ {-(ue' \-— A 1—( (CO“TKACT\ON) a vald prrmukation of T

U, H true + A true



Drder -theoretic view

delend this name

; arf
\N‘ \*e - A < % e A true v\ﬁy (otder:. refl & trams b Av\\-'\sym)
We v eshgate  the world of propositio vdered by (<)

s veeds proof: (refl & frans)

Veﬂ§y
e Has weets given by (A
ArB < P A-B < B SA“B 15 3 lower bound of A, B
_-Some candidate /imppstor
C<hA (C<® is ¥he best.
C £ AnB

* Has top given by (7)



e Has )ows given by (A)

AaB < A ArB % B }A"B s 3 \ower bound of A, B

_-Some candidate /impostor
C <A C< 8
C £ AR

...\s the best

¢« Has bottow given by (1)

Kow doec theic WNasse

diagram ook like ?
Anctrer example . the wordd of inkegers ordered by (1) ~ Does it have: meets, top,

jo\ns, ba-ttow\.?.

~ te C(omwon (X) ovder is cowpletely

[ ]

a
j)\( greatest common divisor

foreign and icrelevant her ',
divs & = Z T, T2, 13, * 6‘3 spell-oux the
dins 9 = & 4, 3 i%& Correct Definition
comdins 69 = ¢ -, (, -3, 3]

( -3 has every right to be cslled 2 B.c..d.‘.)



What if & student acrived late..? IEC09
2026-03-24

12 18
/ \ / \ “ (\sd 2"\(\1?21:‘;_::,5&)
4 9 / 6 \
\ / comdivs = 2 \ / 7
1




But i ¢t was like that?

? +b (¢)-dominates.
’ BUT. Nobody cares about (<) heve.
Mo elemert manages to (1)-dowinate!

% *Qg

comdivs

]

H.
)
W

-(r (constmd-'m ely! 3
Euclid proves this situstion s impossible l H ow 7,



3cd. - best comwmen divisor

Del. Let m a b @ \nt.

M \$ a greatest Common dinisor (3.c.d.\ of ab

W \S d& Commown, diuisox
M

N
m \ O\ & YV\ \ b (V,?‘..,‘, n (B)-clotving

similar with L =lim @3,

= &

(N C\[ C Comdiv. O a, b == C | W™ 1
. — T —— : -~
\ gco\(a.b\ W 1S the best

2

= what L{md:o§ Prop 18 this?

We write m = (o, b) : [ 3eceiving nofation: “apeep in (-dting
m ::(lt_):)‘z) ©Int 2 \nt x It > Prop




Pir)oset « Pa{

tially ordered set
oreorderd - set )

_ camel

sz—(P;s

_'.Re\P

S——m——

PxP — Prop
Laws:

« (¢)-veh)

)

Pre-ordel

(£) - trans

e (2)- ankisym

(parkal) oxdes

</

0

0 691015 -

F\'-\Mes
e Y

Pz



What dte the ’('mhs‘:or\-e’c'\o“ means ?

i
P= (P, <) — > @f=(Qa; <)

|l

o G preserves (L) < x %y = 6x %5 Gy
also: 6 £) -monotove

G €)-1sotone

Borus  vocabulary:

¢ veflects (<o) S X %Y & ¢* = %Y

G () - antitone S X %Y = Gy =g G X




; Ordec- theovrekic

O - Lattices

P =(P,2) : Poset A

P o-lattice E P e bwary fubs X glbs

( bounded 4 % hie botkow B top. )

5  \In Avxﬂ poset, dubs & slbs are Uh\qvq
Therelore

dny o-lattice  we obtawn b'\wmj operations . (v) (n) .

tve wague Rub ‘Q,gs
fve uigue AL Ca, b

o v b

memg 3

o A b



a\gebrax c

"Ldt‘\ \ce ~ O-lattice
) aF
(L‘,v,/\\ Define: X £y &

i ; Cither one
L= (Lyv,arn) (m -latlice ) implies the other
_V _ Lx\L > L
Cn L=xL = L ops on L.

o L ©. (L;¢)

T L ... \s an b-\a&'\ce Case £ = Q’I V;’\\

< A\se\)(&\ ... \S P-N Boumed 0"\&‘“.\(2 case L = (L; N, AL, T)
EQUATIONS:  /'F

V-ass 4 A-ass Spell-out  whak (bo\mded\ a\attice homo weaws .

V-Com 3 A-COm
L-\d-v ;, T-id-a Spell-ont  what  sub-a-\attice weans.

V -\dew 5 NA-idewm

N,A-3bs A v-abs

:HIAE(S ﬂ:[:d.s e? Let — ( L,v l\\
(eab)vo =a ; (6vS)aa =a Ld S C L
Suppose S equipped with ine order inherited fom L35 a lattice .

Is S a sublattice of L£?



kecnels
let §-A-B. |

— § Vefies x,y:

X (\(erﬂ» =N fx=f3

> check: kec f 18 an equivdence relation

> lev 6 L — [
lovestigate  the following. subsets of L:
- ¢ (1)
"ot (8T

EY;



Ex'\stev\ce (3;1) & Uhiclueness (Elﬂ\ ler.lU

s st (%) ¢ B N A () 2026-05-27

at \east owe

; ......................................... s ex-st “Ce
(3 eta] = o uniqueness

@) e) & & |

At wost one
How do we prove uniqueness? (piost by Fight Cis )
F (Moo ) [ 6 % gl) = w=v]
Let w,v:« sSuch that ) X G(v) . u,v o GU) ¥ ¢(v) + u=v



Ze annoyingly low-level: q'b’ X, \ P agb X,y & b glb x,y = a=b

Suppose a, b are glbs of x, y. “‘a‘_’_’_l hab : o qgb x,4 & b 9b x,y F a=b
It is sufficient to prove a = b & b = a. [(s)-antisym] . ko<h ik b<a
Part a =< b: -..\-o.é‘o
Ext-L from (hab) to obtain: a is a glb of x, y "@), ha: a.g\bx,g F oas<b
Ext-R from (hab) to obtain: b is a glb of x, y “‘b’....: hb: b glb x,» Fasb
-- Note that (ha) is itself a conjuction: a 1l.b. x,y A a best 1.b. x,y.
—-— Same goes for (hb).
Ext-L from (ha) to obtain: a 1.b. x, y “‘a”_.__'“lal: alb . xy bk ..
Ext-R from (hb) to obtain: (Ve)[ ¢ l.b. x, y » ¢ s b ] (hbg) Hutlctbryseatl-
Apply ;,bb')'h&c% a to obtain: a l.b. x, y 2 a=<b (M) _ncusyeear.
Apply (hi) to (hal) to obtain: a = b.
Part b = a: | I bgo
(Similar.)



hab @ o gb xy & b gb xy

o Lb xy 3 obest..

habt @ a 9% xy¥  hab.2: b ab xy
= Wl cth xy = c<b)
hab 4 1 = o th x4 Wab .22 b best ...
hab.z.‘?\uu T alb.xy =% ac<h
hab22 o (habtt) @ asb

(hab22 o i) 227 )1 oshb & bsa



BHK interpreration

AnNB

A v B

A=5

(V- 6l)

(A:) - 0&3( ?(“))

K T ) Y :E>)

(\0 : av.A)
(A, 6:8)
P

dependent Section
—

P

witness

(657 )

depewden{ PaC

N

A =~ B
A+ B
~ 8
: K&:l\\'—’ (flﬁ\
:(vd'.f\j X 6 (w)

T ¢

R

2~ G0



~ akas “powntiess”

Working point -free

j n = 2. (V\ + A )
,j- d:_g >\n . 2 'Cnl K I\) Composition in
\ — j ( diagrammatic ordef
~§;9 = 9}

f = dowle o/succ o square

= squave 5 Succ 3 Qouble



double — N

N
of

double N oo

n
g - a

double

> NKN
N?’ {n, nd )\ N

N+
n n

— X x

{a, o)

InE, =

7> >

dnould we be satisfed
with this def of can we
do better (ie define B

po‘m\--FNe\ 2



Respecting ops expressed via cow. diags

L—&Mies

e 0 ¢

w1 J& — D ®

) 2 4

f (A G,

Cf respects v S ‘\Y\\IA // lws
v
A > B

(’ b

tois disgram Commutes & G o W, = invge G



o

°¢




Functions for Tree: (x)

()L out4 O( x ﬁ outy, F

fl \ " /4

v

ﬁA—‘Gxg —78

out g owtr;

j-o outl @ owtl .o
9 o OWY @



CommuXative 6\33"3"\5 Check:

A—% —=(C
\l\“\é’( does it mean fthat a d’\&g(&!n COMW\\&’CQS? 1 / l ) l

same sowte b et D—>€-—>F¢
r—_—/\—'—_\
3\\3 Comparable patws the two Squars  Commute
. {
(one of which is at leasy of lengk\r\>4) the Wole diag. Commutes
ace  eqpal
f
A—— B
af
& Se € = Eesg
Sug




Cov\str uwcliions omn Posets = Posete Qev ‘(\‘ee

/}70? ~ tumns P \A@S'\c\e— downN —~+ /Ijr

P+ Q

~ plaes P Q side-by-side —~b ?

>

places P below Q&

?
t

i

( COMpONENt ~Wise )
(lexico aaghic)

( anti lex'\cosve?\r\'\c)

~ 7
~ 7
-~
~ 7

&

P °v)
(7 <
where. P°f = P
Xéoegegéx






Categor'\es (ma*he.matica\ worlds ) lecl

R cstegory € conmsists of the following data: 2026-03-31
b4
W
i 3 Collectiom ot “cbjects™: A ‘/J c —=D
: 3 G
P

Db‘j(cﬂ dso €, = A B, C, ..
a collection of “arvows™:

he(€) a0 €, = | do 2 e b,
for eadn object, a designated {"\den\-’\’xy acrow’

id aso 1

. ( 5 . ¢ .
foo each paw of “comsecutive atrows” 3 designated “composition AW :

Comp aso (o)



Notation

® ([:(A'B) = i al arrows from A 1o B’S

fF* A — 9

Cr
oY .
ot wmeaws J: is an dcrow {rom
§

BN

diagrammatic (A Jie ¢ )

o {139 2444

®  juxtaposition = (o)

meaws .

9f = gef

to

n



What is a cat's intecface?  (Attemet)

STC’ te)t, ' Arg ((]:) - %(@) \{.‘:eS\i_h. i l:\w \((‘L oure out
. ke this 1L W *S€ W\ S\ s
- Ob")(ﬂ = Ary (C,) £ meed extra laws S
: artial i)
(Oj . A« L&,\) x Pce k(‘\ Y A‘:\"(C\ /game Jikes.
f e A (€) X
?
fon =8 e | v oae o) b
(v..-
% Be 04(C) J
& scc = A
g tot =B




How about . 7

Y

&2
¢ = i B 2
: . . NN,
L, = objeds A, B, C, ... A \J—/(; —=0D
P
&(A,Bﬁ = amows A > B \/
id, C (A, m)
C . €(8,0) =~ C(A®) = C A
DWPI\—»B—»L (

Using dependent types:
id © (A2 GC) > C(A~>nR)
comp = (A: o) » (B2 &) » (¢ ¢.)
— €(8,0) x €(n,B) > C(AC)




Comp - 3ss

— The Following d.iagram commutes

—}3 B
heg
o)
aef
C

W b

A



Examples

1 2 @ 2 Set
f
Q 7~ N\ - . /—5\*
® ° * ° R
3

I

f
R Wnat s the § ree\g Ognecated  Cat fom L O 7
)
A. The wost economical ™ cat which has ot least ’r\n':é\

A NOT i tems of how wawy objects, drrows elements!
: ? . ?
In terms of €quations . ( ‘{5 = \d ) '}35. = JREE
?.. 2
gf =d ; gfq=9, .- )



)

“RCMiY\deT 'Ff‘ ee\a gene.r ated wmonoid

Consider  tre  symbol 5.
What is the freely oenerated  monoid from g7
WRONG: The monmeid (1835 -, 5 ),

it ony 'as one element, but nobody cares!

W it S is rot free a al!
It is tequiced to saticly ah of:

S = 1

st = =) none of these ate ™oOnod \ams/c‘.ansequ:mes
3

ST = s

s wil refusel (J\M has every right -to‘.>
£ Some fresh object distinct from s)

CORRECT . The wownoid ( §4,s,82s%..3;-,1).



Cats of inkegers

(Z,<) ﬂ;‘\v
O = 7 —6\—»1’2.
Oy = N
e (AR = {1 LA
(2:.1)
0
Dbd = 2 %})
\ i ‘/\n\f\e’(/d
hee(RLRY = 1 T Ale 2K-5 3
SN/



C[P]) : Proset » Gat

T’Proset
P=(P, ¢) ~— (ﬁ[?]

1l

: .Ob:) O

e 2 1) . et
Case
 he(pB)= | A B

T
{‘/S, Case A%

ls ths 2 cat?
We wust \lev'&g'-
e 13, - C (AR) /[ thanks to r)).re\‘\)

e comp, - €& x CAR) = €A \/ [’rhanks to ?. tcsnsl
We get  the \aws  Sor free:

W C(A,B) are subsindefons  (ene we have no roowm

——

thin cat to break any \aw ! )




Of mat\nemat'\ca\ struckuces
.D\zj = wode\s o) sudn struckuse
‘\_’\_A_SW_\Q T_QP MAee =

on______set Brer

continuous mapes

Sewiofoup

Monoid

movotone, itsotone
N

0fder-preserving  maps
Coset  per ¢ 2

Groug

Abel
Ring
Laxtice

BoundedLattice

—

mgebfa\c struckures
Are = homomorphisms



C{M) : Monoida = Cat

(= Mownoid

U (T"\'}',vﬂ ~> (l:[M] =

ls s a c,at?
We get foc Q(‘e_e, .

o '\d,\ - C(n,n)

0
Rre

td

=
=1

—J
==

@) M = u
™M

w

Q)
®

. C(0,0)

|

° COmp - C(B,Ox&(h,&Xﬁﬁ(A,c}% 5_0 3 = f . 9 @ (©l©)

We must \rer‘\“g the laws:

o Loyt V [t\\anks to M.t 3
e (o)-ass ‘/ [_thavn\ks to JA,Ass]






Now - categerial definitions lec12
Insde  Set .. 2026-04-03
§ © A~ B is inectie
(‘dx,bep\\[ j‘x 5}3 = x=\33
S s & singeton
(3 s\& S =1s1)
A C B
(Nx e A) [ x € &)

I is omto B

(Wb eB)(Baen) [ Sa=1b)
(

none OF these wmeke sense n generaL (they rely on specifics
that may not be awailable )



t‘Ca’t: egoria\ deRnitions

COY\CQ?'\'S ve Can defire using on\ﬂ Cat—vocabul.sry / intecface .

: Adwal; E
) te(mw\é\ (Q'; A CD.’CQW\\V\M
(aso: \1\'\’('\3\)
= dof
(categorat)
(categoriat)
a\
R o > T X <2

How does this concept wanbest in ..
1: T - has this property Q('P} - L s wal GE Ex'\stsB

2 <+ "7x  x is tetwwa) _ _ ‘
Set . B s Witia)
Cl(z: é\) © s no ferminal

Cl(Z:1)]) : b is teeminal
@[ P 3 T s Yeomnay (1F iy exsts)
Set + 3l smngletons are  tecmina)



the object T is texminal
< for any object X, there is a umique X > T

\nteger
Cl(z; ) the bieer T is texminal

e€0(an3%eetx, *eheve—ks—a—&mqn%%‘

' 4
-

wnkegey x\ T
ntegey
Cl(zZ:1)]) the ebjeée T is termival
< for any é%é‘éi" X, there s a—umeque—X—>T
X<&T
set
Set the object T s temma\ fion

SO
S €D( amg é:’qjeet X, there s a umque X =T



(c . N .
Umquev\ess and S0
T, T temnals = Tz
A28 © (3A5e)] fiwso)

f dof ! / '
A—>B iso & (3ance)[ $F=1 & §F-1,)



Produwct
the whole blue thing
. s 2 product; not just P
) B

1/ ‘ (f} s>\\
v % Vi
candidate i v
YC 3

CL(Z; )] ~ gcd.
@[(pl\; Qn ~ N

et ~ AxB (E{(a,\a)\qek,besl)

Lihe ={fc, g

Cono duct (Sum)

W < In,
v : F,
l
\
~ )cwm.
~ U
~



Mapp'mg ouvt NS "‘39\’;\;‘3 wnto

L L] = (i), vijl)
oK

VY W
'>\6 X > X
Ql\,) ;sz /
/ ‘-

NG

0= 5'%\
B : \7 S p / J-//] )




Point -free\v\j ivx")ed:iv'\tﬁ

Looks Llike L-cance\ation of f

& A —>8 S But For¢ which O??

f i & (\]ael\)(‘do\'él\}[f&=§c\' = o =a']]
{[f sw) & (Wb e B)(Hoé/\)[_{a= b ]

f

o> b

fnese two do not look due\/SBMMetr'\c/etc,.

o

wWhat 1S a %ood feasdn ?oc this asw\nmetrg?



of vs of

We tend to ‘write”  (omposilion (e) and

Tunction application () mvisibly.

et ws write @ for Aunction spplication so  that
I ® x fox (f splied © x)

Remembes the definition of (o):
(§ ° 6) X } (B X)
(5o )% £ felqex

CASsociat'\\;'\t3 ot «of>

]l

ne,



How do we say a€A and (Vaen)(--)
without poks?

A s> A
1/
e e

(Voe )Y e~~~ (V15[ ]



A-— 8



Back to injectivity and surjectivity...

gene lited
NV e\&m ents

/ﬁ/\ 1 .

5‘5'\,:‘{5;‘ = \'=J

£ mono < J( (0)- can-L f ep'\ s f ©-can-R

f split mono & (G)-iu-L Fosplitepi < f (D-im-R



B { spit mono - f wono

\.e,t '.ﬁ a )-wwl. ot F.

Let D;:;!\L>B ot §i=§.
Trence 4 1) = 10 (4)).
Thence (581 = (f ) .
Thence 40 = 4, ) .

Thence 1 = .



u“'\queuess (vesy') lecl)

2026-04-24

)

Uniqueness of terminals RS teymmal - T = T/

Thanks to T bemg  terminal
for any X ‘&o, (,(X,T\ S a S\wg\ekom,
in pacianlar C(T,T) -5 Let=1g

T
| N
4 N

T/
?:““::\'\l:\ﬂ\ thanks o T
(ard"T aw o) being kerminal
(1 dov't care (and /o0 o)
Soout whgpeness Yere ) (1 devt care

Hoout wigueress here D)



Uniqueness of tntials

for free: mtial weans  Coterwinal (ke(m'ma\ \n the opposite (AM\\ CAt\.

Uniqueness of  products ) P ¢ produds of AR + Px¢
PI
: Wwe Can even is fox  free
?I Firish this' \’ et fhis toc  tree
‘ ’ / Welcowme  spans!
/ \ what 15 WRNY  with this?

K/

\Lv(\queness of  sums

Foc free: sSum weans coproduck.



) z
n 9\‘86\‘\ T a0 Adrrow  from Yhe o\»")e_c_t /Y\, to the obde,ct YRR



REV\QM&T P"OO{S? Objective:  prove:  O.

Av® + C&D

ooy

Sep by cases on AVB. Solit L+ (%)

Case L. -- .., A Fr C&D Pax L. -- .., AvD® v C
Sp\it. [ rc&D) Sep by Cases om AvE.
Py L2 -~ .., CAst L: —- ..
Pz R© -- ., Case &2 -- .., B+C

Case R+ -- .., B r C&D Paet R: -— .., AvB =D
Sp\k. [ +CxD) Sep by Cases on AVE.
Py L2 -- .. BVC CAst L: -—-

Py R: -~-- ... BYD Chse & -- ® + D

RS



RCMCMbeY‘ Cat S?. Ob")QC\.NC.'- Bnd an accow  from a (X)) to a ()

[ Qu,n) LCL YD (lwiid, (v 1jd)



Remem\er SC»\QO\ ? Objective: Piss the fist exam on exponentiation

()" N
2 \ X+
=(15\ (d) = 3 ﬁgm%
=5d§0\%?gﬁ> —ISK[WS%

RQW\EM\Q“ Gehtle'\? Objective. comstruct a prodftee f Av® +CLD

AFC Pu—Dq B+C B\—D? At-C Bl—c7 A+D E>|—D7

?

AvB - CLD ' AuvB + CL D

ArCkD  BECLD ABEC AsB =D




AV\ AT Ay 0 DN.\\\S »\W (table) Sk wors S eSS

concepts

s | Witial  ferminal  (+)  (x) - wono epi - . . VIOURS edzyy wONDLeR

D = = 1 “ 7 9 7 ? 2
3. O ° ‘1 7 e 0 @ 7 '7 ? '7 7
n ” ? 7 1 A

(z:)) 4 Q lem  ged 0 5 '

(Z:¢) = - Max 9 7 .

(pA; €) B A V) N ? :

cl?) L T jON  meet .

C (M) ? 2 ? ? .

Set /] Singletons W) X

SC__M_O\_Q : ° o .

Moneid .

Grove : ‘)

Abel . ;

Ring . s ~ .7

fea ? * ©

Pres ' 1




SD this holds in any cat.
e know: Split mono = wono,

An ever 0¥ Owing hw (table) C:M‘T““”“i“ ]ec14

oncepts .
cats _f o wtial ferminal (+) () - o wono  epi - . . [1IS09S [ efpy “WoNeIeR 2.026 04-2

(1) = - ' 7 N ! ? 7
1 . ° 'l ? e 0 o '7 '7 '?_ ? 7_
" 7 ? T = 9 2 2 7

(z;1) 4 Q \om  ged a "

(z. sg - ; ™MAX Tt LI

(PA: < s v o) ?

() L T jo;“ meet .

CLm) ? 9 2 .

Set ] Siwgletons W X .

Se\mst_g._Q ‘ 2 ° .

Moneid .

Grove 2y fey Q .

Abel .

Ring 2’ fo=1) e ‘ . ?

fioa ? ' .

LQ!:.:ﬁce :




Biterwinators (aka. wull, zero)
)a\sy
D. An object Z is a btervimates A Z s wivial & Z is termwnal.

Consequence  of the presence ok & bitermnator:,
SN
A B

. Al €(AB)s are wndbited:

Every Ob;) can {’\ook‘ at every ob(j



F\mct oS




Functors  (covariant & contravariant )
E fundor (couav\am) contravatiant
. : €. - D A . B A te
F. . — D fA s FB ep <EL pB
F\‘- Src o F =F°Scc ?
Chs) > D(n8) |{[tgt o F, = F o tgt .
F. 1, =1
laws i EA ?
F(ff'g\: Ff“‘\:g o




EXAMP\QS

foowerset.  ( mage ) foowerset.  (pre-image)

[ A =8

f - A =8
ESQ ?X = *px @
5.0 Bh o= ax. x| xex) : HW: venly!
aves (BI)X = {§x)xex}
HW : \IC('\‘;\j \‘
Fo\'get{ulf it e e, Bodes o HW: find another  p-funcror®
examples -

6\‘0% L Monoid -—u—> Semigrou —li—> _Mgg_h_’&-ﬂ-* Set HW: \lex'\\t\j\



for Waskevers- why wot?

Hask (not veally )

0Ob A = types
PAxr programs o — R
( functions))

wow)‘
List /map //~ Hence an EV\do{unc’cor
|

2,3,4,2,%)
List - Hask —— Hask Hev< Bk I Bk
List [u, H, k&, 1)
-
Int List Int ( Haskellers : fmap ev)
evl l\.’ust ev _laws:
| 0, = id.
Boo_l \_[$‘t Bool' W\ap ‘ ‘ List \nt
map (§-9) = map { - mapg




Natural transformations

v




F G - € — D

)

£ . F = G
(

hat should this o be’ /

A fam'\\\j of awows W D mdered by o

o must provide A way o taesfoon blie A %o omwe R,
blue B  to oOtange ®, ekc.

For adn object € of €, we have a translormation from FC to GC,

( X o FA — GA c " (o-tndexed %m\\g ol aroes i O.
Ae ) - o~~~ —
& (AL Co) > D(FA GA)

X

I

*
A FA —== G A

law ul Ful lGu

B FBO(—>GB
B






Back to logic: implication (=)

x
A true + B tCue s . \—bﬁ
FA2D trwe
« 06\}690‘\66
3‘@“
A>%H Yrwe A trve ( B o
S-E ok

‘) Currg
A2BD Xywe

A true + B true




Order- theoretic wiew on (V)
A€ B wans A trre + B o

has bottowm . L has top:
AN X<
hag Joms v has ‘™eets: v
A< AvB B ¢ Av® ArD € A AnB < A
A<C R<cC C £ A C ¢ B
Avib < C C € A~y
best Dest.

what doouk o



Exp onentia\s

5 A A = A

combined _ _
(met) witn K 35 Below A
foopther proves

C N A £ A

best

othert nokations: A > H , A>%  AsB

7

A laflice Tt gpavantees  exporentials 1s  called A Heyting Algetca.



HA (He\/’('mg l\\sebms)

el

DC‘;\Y\Q - A A=\

8. =A s fhe best incowsistet with A (7)

. pm\\\ HA i distributive



Lattices: how to prove ... lECIS

2026-05-05
E)QW\?\Q . d\ ~ (0\ A (7 ) £ (a\ v 0\3 A kd v b) this requires thining /inspication
- 0 L \l“'{(;_—[v\-“g

- / (v)-ut. o~b < € Alb(s\ &

c)\édwa arb £ava d€dvh aab ¢ dub
(V)-best (V)-best
d\v(o\mb) Z AV a A\v(o\r\b) <4 Adavb
(NN -best

dv (anb) & (dva) alavh)

A J;am‘\\'\ar aternative

[ ]

[
2
.. from..? e
<0

oz o
(V) -best
A\]ko\r\t-)) é (a\va\\l\kd\lb)




Distributivity & Modularity

E\my lattice is  "haf diskributine” & "half modulac™

\'4

6. Aax(ovb) (A ra) v (dab) [sdfe-distemd, (0]
B dvl(oab) s @vao)aldub) [safe-dmeltn,m]
O o 2 b = av(xab) £ (avx)ab | safe - modular |
6. (dua?)

Also:

@. (Q’\E)V(\DAC)VLC‘\O\lé (QU{))A(E\IC)’\(CVQ)

N~ N

Jo'\vx ol weets meet oY Jons
(dual?)
M




modulac ! e non-modu\ac
non - disteibutive (& non-diskributiy e)

Ms Ne
B distr = wmodulac

L

(@ D)o




MOA\L\& ﬁ .t.»

S = z’(\o\éxsbg
b
o Vv XK
° these arrows are arrows
/\ PR
/ (MK)Ab\:
7
%./ O\VLxAb).
M
[ X/\ b
(v -)

(—/\b)



2.-ackions

\ Set / Semigroup / Monoid / Group

P A

S ——> £nd(X)

At (X)

grp(r-s):Props
f;% P { = 4,
o P (r7) = (p )

< ( no furter conditions imposed by  cod (o)
>2 since X  has no further Wnown  structwed

WL, X:Co, p 5t )
We call (X;e) a Y S-action

We say that S ads on the object X via -



What about Rings?

Meetx fthe Oest exa“nP\e. X a cing -

lek A ® - Growp , Bavel ¢, ¢ @ & —B
Define on  Hom (Jﬂ , K’s\ the following binary opesation (4):
G + v ! ?\a_qq-\.m\yo\
Prove - (Hom(&&, 3) 5+ \ Is  an  &bellan GrOuP .
(¢ +yw) (a+d)
= (Grw) a + (gry)d




X — X uncurr

R —F 5 Ed(X) —

R x

auf
ra =
Q

juxhpw'\t'\bh

(er =HPS) a

(p ) (Isp s) @)

(p v) l(lsﬂ
r(so)

g [P (es) = e ps Fr
4"4 p 1 = i,
~N
o__\P(r*S) =. pr¥ps
e O = 0
p -r) = - (PmQt be a_Group-homo

for each v ¢ K) pr must be an arrow in €

(P ¢) (axb) = (prio +(® b
(p v) O = 0O
e L) = ~[(pr) o)

X =X
(pr) o
~(r-s)a = ¢(so)
la = a
(r+s)a = ro + sa
Oa. = O
=)o = —(ra)

t(a+b) = to + xb

¢ 0
Y&—&\

= 0
= —(ra)



IV\ore constcuctions
/ dualize to obtyn wdey
Over catesories

C
C ' Cat C: C, —> ‘E/ or ¢ or

-Obj = M&QAW(KC) \ //
\)ev\%c

x"_*oy x f—\)Y/'&

X Y ,
.Arr( | L) = the commutative trianges \ / \ //
¢'C N
C

Qetc

Cat

N« /A



Acrow  cateqosies



METT

[

o ¢ Type . 0%

o S ® . ) .
3. I/ J—uSt —> Maﬁ\"e M o TBPQ To: Ma N
-% _ Nothing = Maybe o

(’.xaw\(s\e nnabitants of Maybe Nat:

33, JO0, N, Tw ..
We have defined Maybe as  Type.Oby — Type.Oh)
\ [ — Type.A 9 \)Q(:& he
Can we a\so define it as Tgpe.l-\rv ype.Rrr \‘\mcéo< tas |
5‘ A 2 /

By pattern-matdnmg,
ME: M > Mp (M$) (Ta) £ T (§a)
(M) N 2 N

T Mo



Implementing Maybe

Sug

One couvld use Maoa = &+ L,

\
But: names wmatter .

Example

wne ny
\n\' /m\> \nt + \nt &~ v}

NS

It~ \nt + \nt oo~ Int
n.\— errovr



Functors vs Natucal transfocmations ]ecl?

2026-05-15
Functoriality  guacantees  that fie o Naturaly ty guatantees that
. y N speech
|fted tunctions will ot (c\nzmge_‘ ® Wil be defined W a “naturl’ way,
the  form / shape, / package ot Theif wiformy for  a types A
nput ¢ LA (po\ymm}\;c fwwc—\r'\on)
Nat —— String
0 —> "2ev0" . %’ [ﬁ“\,‘\f(
1: > “one" A ___‘\:7":/
: H //,’ \\\\ ~ B LB
T3 ree KMA
T Mt —— T Sty
s 8 v\g\ l:x
3 " tiivee’ \
'1'-/ \ "smv{ \“tme\ve“ MB

12
/ \ / \
1y

v
Imel\ I?O\K‘



¢ |LIE)B/M
Pwpos’\t&ons -Tgpes (>5),(:), 0, 4,(=), = T T4
(N), (W, L,Y7,(=2), 3 , N, =
1L + O " TBPQ (D'.'X_-%Type\
a-h, b:Bl), c:Cle,b) b .. ¢ dependect comext,

a . nt F 1s-even o TyPe_

oA, b B Ta ab : Type
A:Type, oo :A, b:A F T3, e b = Type

—_—

also. & =p b

<the ’%P{ of identifications >
A

between the elements o Lo



Exawples

js-even N = Q2 | n
Type
dwdes - Int > |t > Pesp
divides a b = (Au:w)L ok = b
Y ..
0\\0 E\'m (Jd (o-\) \:3
> (ok =b)
L :\nt

. .‘. EE-

(k) x kq-\kz E)

Exanple:  what is an clement of  divides 3 2 ?
witvess
a pair (\u 5 p§ ot an 'm\'cﬁef W anad P!'Oo* hat

the witness & walid, 3w = A2 .



frans-l = JT T M (M‘a x l::lC) —> alc
Z\ ot bt oW

2 0 (o) = (b)) = (¢ lnt)

what s
WY ow \b  x b
o sy > Lo Le)
—> (alc)
£ o b ¢k = <\(\lQ\f\\’Q)‘77>
o - Int
b - lnt
c ot
h @ alb x k)¢ :
oo b ¢ { hab, hbc) = grees
hab ¢ o equation Wab - lnt
\t:%\z: L-,\\\Z_ ~—eal : o-wab =b

Wb - \nt
3( abc <<\”3\>, 935>,4W5C, ebCﬂ = <wa\v-wac ebc: b-whe=¢



Names matter!
(even when we have unque up to  umaue isomovphis m)
comparew  \ 1.0 and N.Rr o with b witvess  and \!\ab.eq_

Whewn Yyou wneed a (colproduck ,  think S whidh ome you ppefe_r
(nduding names for the  (coprojection s}



Daﬁvx'\v\g grovps
6 = (G o e, )
(G Type) < (676=06) = & = (6=6)

Growp =
But what doowt the group \aws ¢
(G Type) < (op = 6-6=0) » (e:6) x (v 6=6)
assoC o
~ Q Rc 00Se nice nawmes {foc tne Prq')ec_’c'\o“s\,
x waf op €
) . G.cactiet,  G.op, 6.4, Q.iw, G laws.assoc
X lon 0OF € G. assoL
G. assocC-0p
( of Someth'w\g Like ﬁ\tﬁ\ L ete.
assoc A o = 1 T " op (opab\c = op ox(opbc)
oA bA ¢ A









ForgetFu\ functos

Q\b_e_\ W for ‘underlying'

l“/ W - Gr up Set
. (») -
Geoup i
d
L; (W6 = \6))
v U % {'O\'BQ\S that @ 1S NSPQC'\-'FU\
2emgroup (Wg = 1)
v u
Magqma
“"’8; Can we Sind some-Lwnd of c)ua\/ Nef Se«/ wondrenet

Set funckocs SN e otrer \o&y?



L{ g "
Just lec20
£ 2026-05-26
c[?) = cla] Clm) ™ ¢ )

—> %

FA = .= %
FQO\ b) = Fo S Bl
a b) Fo. arp\)



(¢ oup G\d
T
a  CF Wwhere QAN artows  are 180

Group s “ l‘)uu\‘ 3 Ofupod wih oy ow of.

/7/\ (5\‘0\49 N~ (I\‘oupo'd

A hovod ~—~—p Monordord

R/\___j Cat




;E{ CJVO\L?S (E)
et ) l
Gep 5 kgd- :
- Grow .



Group ObJeLt

// 1—>\‘\%HH
{8, L/f\(q’cr\ G o ™M

,\ ., j,"‘ (ne (gxe)) (a,b) 2 (g em) (a,b)
1

[\ n

i 1

n (e, ¢b) b Lagb)

1l
qm-xqb

G y, n Ll o) g (m ap)



Groups (€)

CSYOMV5 (Sgk\ ~~~ Groups
Groups (Gxoup) ~ Avelian groups
Growps Caoel) — Abelian groups

Groups (Top ) ~~ Topological grougs



N 0 should we demand wore
A
N AR — B
/\ > M M N Y a?\l Y pamﬂs({,q)
\32‘- v () AN A T
J A ,—\\/ ¥ C (caseima?)
M : t+  copawing (4 )
[51s]
N 4

e:\>A Wi A=p

j—:D~>AxB &‘.AfB—)C_

H@} folweq) =

reced) : N— A

1‘ (ihf-’o) = ...
7
Hom(D) A=B) = Hom(D,R) x Howm (D, B)

Hom (A+®, C) = Hom(AC) = hom (B, <)



. . ?
Wich oW 1S s €

/l N > 14 A
[ols) Celn)
M \. A\
--------- >
By cecle,h) A
FX) =1+ X

fo Dy OupS
F(X-) = '\ t X*X"

foc lattices
E(X\ = A+ « X" xE

: |
563 hello to witial f-algebras’



The '\'3\:0. Nax
Formation:
N-f
N i
Trtroduction:;
N -T.
0:WN

n-. N

sweeln - N

&'15



Elimiunakion:.

 base : PO
W:N i Pl Step - P (succ W)
oo+ N

&

v N-E
wd (P, base, step Q) . Pa

na (P, base, s*epw . I—L Pa

— (Yo - QY[ P W)

type



Computarion (&\
.\Y\d(\\. (PJ base, step | D) = base

md (P, base, step, succ & )
— St'e? (\(1 \Y\dN (P’ base’ S\-QP, \,\\ 3

What - about (1



Ex ?Omn'\'\a\s J'm’rm\a\'\%'mg (F)) (2) ) foncdion spaces (—A)_,_l ECZ 1

2026-05-29
C no 2 b
.0=S besd,
m e - e
b ra £ ) c¢b .
c <b
ex?.?-
©. Al lakices wih exponentiavow (#) are distiiburve cno € b
\ .0oes L V. doss. L
dnoe £ (0 v (3 AN ans < (dac)Nlanb)
exp et eng. besy
& £ d:-a(d«a)v(df\k) b < d#(df\&)v(dka)
Vv best

avb ¢ d::[o\f\a)vuf\k)
dl\l&Vb\ .é—(dA&\\I(AAL)

exp.?

What dbout the otner “unsafe” half 7



ExpoNENTAYL

A A ew)
S B x A S
n A
: [~ cusey
A L,
' a1, 7
| a\i‘és(‘j\?\’( !
: "\0){ i
C vC x A v

7
HOMKCKR) BB = Hom(C)ESA\)



Free (lg Bevxereted)

oNO n{ \
Set (OF ((gemetétors‘o { maned ( (&\5 LRI b_\.‘ A)

A{ WANTED: M\ LA') A = ab.c]
. pastn 2 57 to octine
A — M[p) MIAY) W
it sulfices to:
QA — n
b — m

¢ —> k






Galois  conmections  (teaser)

How Can we compar o witw b?

(P i Y S CQ

L

~_C¢ -

Fao < o < Gb = Fo. 5 b

\ € is a Lower (awo Left) adjont to G.



What is a cohgtuence?

An  equivalence telation ther s Compatible  widh

e  (rSevant) opetstions:
asf
(%) is cowpMible with § & omad = doa=x o

(=\ 1S (Supposed to be) a congfuence  w.r.t, euerﬂthiv\g_

How do we s2\ s W type the,o(B 7



